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Abstract
In the present paper, first we study in a systematic way the numerical representation problem for
total preorders defined either on groups or on real vector spaces. Then, we consider groups and
real vector spaces equipped with a topology, and analyze the fulfillment of the so-called continuous
representability property; the latter meaning that every continuous total preorder defined on the given
topological space admits a continuous real-valued order-preserving function. We also explore the
analogous cases as above for total preorders that are compatible with the given algebraic structure,
looking for real-valued, continuous or not, order-preserving functions that, in addition, are algebraic
homomorphisms.
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1. Introduction
The theory of order-preserving real-valued functions has undergone a major
development in the last two decades mainly due to the need of providing theoretical support
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in decision theory and mathematical social sciences. The main purpose of this article is to
offer a systematic analysis of the theory of order-preserving real-valued functions in the
framework of both groups and real vector spaces. This theory combines order, topology
and algebra.
We will concentrate our efforts on two main aspects. On the one hand we intend to
contribute to the theory of order-preserving real-valued functions which satisfy additional
topological and algebraic properties. On the other hand we will analyze the potential use
that our technical tools can have in other fields, in particular, we will focus on some
foundational aspects related to social choice theory.
Since the earliest contribution of Cantor to the theory of order-preserving functions
[25,26] looking for a classification of the order-type of some totally ordered sets, this
discipline has moved toward somewhat disparate lines of research. From a mathematical
point of view the theory has developed by considering topological and algebraic aspects
of ordered structures in a separate way. From this perspective, we can mention the
seminal contributions of Eilenberg [32] and Nachbin [54], in the topological approach,
and Birkhoff [8] and Fuchs [34], in the algebraic approach.
Related to classical results on order-preserving functions involving at the same time
order, topology and algebra, we can cite1 [39,4,42,3,50,38,48,35,56,37,36,53,51,49]. For
instance, Banaschewski [4] proved in 1957 that the topological completion of a totally
ordered group (with the order invariant under the group operation) is itself an ordered
group under the natural extension of the group operation. Holland [42] examined this from
a sequential point of view in 1963. Probably the most important result is a representation
theorem for Abelian totally ordered groups due to Hans Hahn [39] in 1907. In contrast to
the Section 6 of the present manuscript, it allows consideration of non-Archimedean ethical
values. Closer to the results presented here are [3,38]. (Other results, which fit more the
ones presented in the current paper, can be seen in [24,17,18,21]). For an excellent survey
of the beginning and further developments of the theory of order-preserving functions
see [11].
From a more applied point of view, the beginning of the use of the theory of order-
preserving real-valued functions in the context of economics and social sciences goes back
to Debreu (see [28]). Debreu’s work focuses on the existence of numerical representations
of totally preordered sets endowed with a topology compatible with the order. In other
words, it combines order and topology. In the context of measurement theory there is also
a vast literature related to the existence of order-preserving functions which satisfy some
additional algebraic properties (see, for instance, [47]).
The paper is organized as follows. Section 2 consists of basic definitions and notations.
In Section 3 we introduce the representation problem in an algebraic framework. In
addition to the classic result of Ho¨lder [41] that characterizes the additive representation
on groups in terms of the Archimedean property, we also include another characterization
with a more topological flavor. Moreover, for the case of totally preordered real vector
spaces, we prove that linear representability is equivalent to the fact that, equipped with
the order topology, the structure is a topological vector space. This allows us to conclude
1 We are grateful to an anonymous referee for providing us these references.
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that, up to an order-preserving algebraic isomorphism, the only topological totally ordered
real vector spaces are R and its dual.
Section 4 is devoted to introduce the continuous representation problem for total
preorders, as well as the continuous representability property in the general framework
of topological spaces. So, we collect some of the well-known results on these two topics
such as Debreu’s open gap lemma, Eilenberg’s theorem and Debreu’s theorem. Then we
provide further contributions to this literature in the context of topological vector spaces
and topological groups. Our main result states that the topology of a locally convex
topological real vector space satisfies the continuous representability property if and only
if it satisfies the countable chain condition. As a particular case we re-state a result by
Campio´n et al. [12,14]: The weak topology of a locally convex topological real vector
space satisfies the continuous representability property. In the context of first countable
(hence, metrizable) topological groups, we prove that the continuous representability
property amounts to second countability. We also pay attention to the important case of
orderable topological groups. Here we prove that the continuous representability property
can be characterized in terms of a structural property of the given topological group. As a
corollary we obtain that, up to homeomorphism, the only connected orderable topological
group that satisfies the continuous representability property is (R,+). In particular, and
up to homeomorphism, the unique orderable topological real vector space that satisfies the
continuous representability property is (R,+, ·R).
In Section 5 we extend the previous approach to the algebraic setting. To be more pre-
cise, we introduce the continuous algebraic representation problem for total preorders, and
the continuous algebraic representability property, both for groups and vector spaces. The
most significant fact about the first item (continuous algebraic representation) is that, in this
algebraic environment, the continuity is taken for granted once the representation preserves
the corresponding algebraic property. In particular, let (G,+) be a group equipped with a
topology τ . If an additive order-preserving function for a continuous total preorder defined
on G does exist, then it is necessarily continuous. It should be noted that, in this statement,
τ may or may not be the topology for which (G,+, τ ) is a topological group. For real
vector spaces the situation is similar now replacing additivity by linearity. In particular, let
(V,+, ·R, τ ) be a topological vector space. If a linear order-preserving function for a con-
tinuous total preorder defined on V does exist, then it belongs to the topological dual of V
(i.e., it is continuous). Furthermore, by taking advantage of the results stated in Section 2,
we offer the corresponding characterizations of the continuous algebraic representability
property both for groups and real vector spaces viewed as topological spaces. In addition,
we prove that a connected topology defined on a group satisfies the continuous algebraic
representability property. Moreover, it is also shown that if (V,+, ·R, τ ) is a topological
vector space, then τ satisfies the continuous algebraic representability property.
Section 6 intends to offer an application of the algebraic machinery introduced in
the previous sections to the context of social choice theory. Social choice theory is a
branch of decision making that deals with aggregation problems of individual preferences.
From a mathematical point of view this reduces to study the existence of (social welfare)
functionals that meet some normative properties. Since these properties have an algebraic
flavor we re-establish the abstract aggregation problem in algebraic terms to apply the
results of Section 5. In particular, we provide a new characterization of the so-called
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utilitarian social welfare functional. Basically, the utilitarian social welfare functional is
the one that ranks the alternatives according to the sum of individual utilities.
2. Preliminaries
A preorder - on an arbitrary nonempty set X is a binary relation on X which is reflexive
and transitive. An antisymmetric preorder is said to be an order. A total preorder - on a
set X is a preorder such that any pair of elements are comparable, i.e., for every x, y ∈ X
either x - y or y - x .
If- is a total preorder on X , then the pair (X,-) is said to be a totally preordered set. If
- is a total preorder on X , its asymmetric relation≺ is defined by [x ≺ y ⇐⇒ (x - y)∧
¬(y - x)], and its equivalence relation ∼ is given by [x ∼ y ⇐⇒ (x - y) ∧ (y - x)].
Let (X,-) be a totally preordered set and let X/ ∼ be the set of equivalence classes. If
x ∈ X we denote the equivalence class of x by [x]. The total preorder - on X induces a
total order ≼ on X/ ∼ defined by [x] ≼ [y] ⇐⇒ x - y.
Let (X,-) be a totally preordered set. A subset Z of X is said to be order-dense in X
with respect to- if, for every x, y ∈ X with x ≺ y, there exists z ∈ Z such that x - z - y.
(X,-) is said to be order-separable if it has a countable order-dense subset.
A totally preordered set (X,-) is said to be Dedekind-complete if (X/ ∼,≼) has the
least upper bound property, i.e., if any subset S ⊆ X/ ∼ which is ≼-bounded above, has a
(unique) supremum in X/ ∼.
If (X,-) is a totally preordered set then a real-valued function u : X → R is said to be
an isotony if for every x, y ∈ X, [x - y ⇒ u(x) ≤ u(y)] and [x ≺ y ⇒ u(x) < u(y)].
If such a function u does exist, then - is said to be representable. We also refer to this
function as an order-preserving function or a numerical representation for -. An order-
isomorphism is a surjective isotony.
Let (X, τ ) be a topological space. A total preorder - on X is said to be continuously
representable if there exists an order-preserving function for - that is continuous with
respect to the topology τ and the usual (Euclidean) topology on the real line R.
Let (X,-) be a totally preordered set. The family of all sets of the form L(x) = {a ∈
X; a ≺ x} and G(x) = {a ∈ X; x ≺ a}, where x runs over X , is a subbasis for a topology
τ- on X , called the order topology. A typical (open)-interval in (X,-) will be denoted
either by (a, b)- = L(b)

G(a), provided that a ≺ b, or, if there is no ambiguity, simply
by (a, b).
Let (X, τ ) be a topological space and let - be a total (pre)order on X . Then - is said to
be τ -continuous if, for each x ∈ X , the sets L(x) and G(x) are τ -open in X . A topology τ
on X is said to be (pre)orderable if τ coincides with τ- for some total (pre)order- defined
on X .
We now introduce two well-known totally ordered sets that will be used in the sequel;
namely, the lexicographic plane and the long line (see, e.g., [5]).
The lexicographic plane is R2 equipped with the lexicographic total order≤l defined as:
(x, y)≤l(u, v)⇐⇒ x < u or x = u and y ≤ v.
Let ω1 be the first uncountable ordinal. Between each ordinal α and its successor α + 1
put one copy of the real interval (0, 1). The long line is the space L that we get in this way
endowed with its natural order.
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Let (G,+) be a group and let τ be a topology on G. Then (G,+, τ ) is said to be a
topological group if the binary operations “+”: (g, h) ∈ G × G → g + h ∈ G and
“−”: g ∈ G →−g ∈ G are continuous.
Let (V,+, ·R) be a real vector space and let τ be a topology on V . Then (V,+, ·R, τ ) is
said to be a topological real vector space if the binary operations “+”: (u, v) ∈ V × V →
u + v ∈ V and “·R”: (λ, v) ∈ R× V → λv ∈ V are continuous.
3. Algebraic representability
We begin this section by stating what is called the (ordinal) representation problem and
providing the solution(s) given in the literature to this problem.
Theorem 3.1. Let (X,-) be a totally preordered set. Then the following assertions are
equivalent:
(i) - is representable.
(ii) (X,-) is order-separable.
(iii) τ- is second countable.
Proof. For (i)⇔(ii) see [8]. (ii)⇒(iii) and (iii)⇒(i) appear in [6]. (For further details, see
also the first three chapters in [11].) 
Now we consider the algebraic representation problems for the two algebraic structures
we are dealing with; namely, groups and real vector spaces.2 Let us begin with totally
preordered groups.
Definition 3.2. A totally preordered group (G,+,-) is a group (G,+) equipped with a
translation-invariant total preorder -; i.e., x - y H⇒ x + z - y + z and z + x - z + y,
for every x, y, z ∈ G.
Definition 3.3. Let (G,+,-) be a totally preordered group with identity e. Then:
(i) (G,+,-) is said to be Archimedean if for every x, y ∈ G with e ≺ x ≺ y, there is
n ∈ N such that y ≺ nx .
(ii) - is said to be additively representable if there is an additive isotony that represents
-, (i.e., there is an order-preserving function u : G → R which, in addition, satisfies
u(x + y) = u(x)+ u(y), for every x, y ∈ G.)
(iii) (G,+,-) is said to be topological if (G,+, τ-) is a topological group, that is, if the
binary operations “+”: (g, h) ∈ G × G → g + h ∈ G and “−”: g ∈ G → −g ∈ G
are continuous as regards the order topology τ-.
The problem of the existence of an additive isotony for a totally preordered group is now
established. The result is a slight generalization of a classic result due to Ho¨lder [41].
2 Other structures, namely semigroups, have also been studied in the literature. (See e.g. [2,30,17,19]). In
addition, we will deal with structures endowed with a total order or preorder. For some results concerning
numerical representability of partially ordered topological groups, related to the Haar measure, see e.g. [22,23].
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Theorem 3.4. Let (G,+,-) be a totally preordered group. Then the following assertions
are equivalent:
(i) (G,+,-) is Archimedean.
(ii) - is additively representable.
(iii) There is a basis of the identity for τ-, say Ve, such that, for each B ∈ Ve,

n∈N
nB = G.
(iv) For every x ∈ G, e ≺ x,n∈N n(−x, x) = G.
Proof. (i) ⇒ (ii), for totally ordered groups, was already proved by Ho¨lder [41] (see
also [34]). For the case of totally preordered groups it should be noted that (G/ ∼,+,≼)
is a totally ordered group since I (e) = {x ∈ G; x ∼ e} is a normal subgroup of G.
Moreover, it is Archimedean since (G,+,-) is. Then the proof follows directly from
Ho¨lder’s theorem. (ii)⇒ (iii) is obvious. (iii)⇒ (iv) follows easily from the fact that, for all
x ∈ G with e ≺ x , the interval (−x, x) is an open neighborhood of the identity so that, for
each basis Ve of the identity, there is B ∈ Ve such that B ⊆ (−x, x). For (iv)⇒ (i) suppose,
by way of contradiction, that (G,+,-) is not Archimedean. Then there are x, y ∈ G with
e ≺ x ≺ y, such that nx ≺ y for every n ∈ N. Notice that, by translation invariance, for
any n ∈ N and any family v1, . . . , vn ∈ (−x, x), it holds that v1 + · · · + vn ≺ nx ≺ y. So,
n∈N n(−x, x)  L(y)  G. But this leads us to a contradiction. So, (iv) implies (i). 
Remark 3.5. A basis of the identity Ve satisfying the condition given in the statement (iii)
above will be called absorbing.
Corollary 3.6. Let (G,+,-) be a totally preordered group. If - is additively
representable, then so is ≤ for every translation-invariant and τ--continuous total
preorder ≤ defined on G.
Proof. Let Ve be an absorbing basis of the identity for τ-, and let x ∈ G such that
e < x . Since ≤ is a translation-invariant τ--continuous preorder, the set (−x, x)≤ is a
τ--open neighborhood of the identity. So, there is B ∈ Ve such that B ⊆ (−x, x)≤.
Therefore, for every n ∈ N, nB ⊆ n(−x, x)≤ and, by Theorem 3.4 (iii), G =n∈N nB ⊆
n∈N n(−x, x)≤. Thus,

n∈N n(−x, x)≤ = G and the result follows from Theorem 3.4
(iv). 
We now study the analogous situation for the case of totally preordered real vector
spaces. The most significant difference between the two algebraic ordered structures
analyzed is a refinement of statement (iii) of the previous result for the case of totally
preordered real vector spaces. We begin with some basic definitions.
Definition 3.7. A totally preordered real vector space (V,+, ·R,-) is a real vector space
(V,+, ·R) equipped with a total preorder - which is translation-invariant and homothetic;
i.e., x - y H⇒ λx - λy, for every x, y ∈ V, 0 ≤ λ. (See e.g. [20,9].)
Definition 3.8. Let (V,+, ·R,-) be a totally preordered real vector space with zero-vector
0. Then:
(i) (V,+, ·R,-) is said to be Archimedean if for every x, y ∈ V with 0 ≺ x ≺ y, there
is a strictly positive real number λ such that y ≺ λx .
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(ii) - is said to be linearly representable if there is a linear isotony that represents-, (i.e.,
there is an additive order-preserving function u : G → R which, in addition, satisfies
u(λx) = λu(x), for every x, y ∈ V, λ ∈ R).
(iii) (V,+, ·R,-) is said to be topological if (V,+, ·R, τ-) is a topological real vector
space.
The importance of our next result lies on the fact that the linear representability of a
totally preordered real vector space is characterized in terms of topological properties of
the order topology τ-; namely, on the fact that (V,+, ·R, τ-) is a topological real vector
space (i.e., the operations + and ·R are continuous, considering on V the order topology
τ- and on the real line R the usual topology).
Theorem 3.9. Let (V,+, ·R,-) be a totally preordered real vector space. Then the
following assertions are equivalent:
(i) (V,+, ·R,-) is Archimedean,
(ii) - is linearly representable,
(iii) (V,+, ·R, τ-) is a topological real vector space.
Proof. For (i) ⇒ (ii) see [8, Corollary on p. 353]. (ii) ⇒ (iii) is obvious. For (iii) ⇒ (i)
we proceed by way of contradiction. Suppose that (V,+, ·R,-) is not Archimedean. Then
there are x, y ∈ V, 0 ≺ x ≺ y, such that λx ≺ y, for every 0 < λ. By homotheticity
this implies that x ≺ (1/λ)y, for every 0 < λ. But, for λ big enough, 1/λ goes to 0 and,
by continuity of the operation ·R, this leads to x - 0 which is a contradiction. Therefore,
(iii) ⇒ (i). 
As a consequence we obtain the following corollary.
Corollary 3.10. The only topological totally ordered real vector spaces, up to order-
preserving algebraic isomorphism, are R and its dual.
Proof. Let (V,+, ·R,-) be a topological totally ordered real vector space. By the previous
theorem there is an order-preserving linear function u : V → R. Moreover, it is injective
since - is a total order on V . Let x0 = u−1(1) ∈ V and note that either x0 ≺ 0 or
0 ≺ x0. It is obvious to see that if the first situation occurs, then u is an order-preserving
algebraic isomorphism from V onto the reals with the usual order. Otherwise, u is an order-
preserving algebraic isomorphism from V onto the reals with the dual order. 
In the proof of Theorem 3.9 it should be observed that the continuity of the operation
+ has not been used. Actually, the continuity can be taken from granted as next
Proposition 3.12 shows. This fact turns out to be a generalization of a result of Nyikos
and Reichel [55] for totally ordered groups to the context of totally preordered groups.
First we introduce a lemma.
Lemma 3.11. Let τ be a homogeneous topology3 on an abstract group (G,+) and let N
be a closed normal subgroup of (G,+, τ ) contained in every open neighborhood of the
3 A topological space (X, τ ) is said to be homogeneous if for every x, y ∈ X there exists a homeomorphism
f : X → X such that f (x) = y.
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identity. If the group (G/N ,+) endowed with the quotient topology τq is a topological
group and the quotient map πq : G → G/N is open, then (G,+, τ ) is a topological group.
Proof. Since the topology τ is homogeneous, we only need to prove that the function
φ: G × G → G defined by φ(x, y) = x − y is continuous at (e, e). To that end,
consider an open set B including e. Since N ⊆ B and τq is an open map, πq(B) is
an open neighborhood of N in (G/N ,+, τq). Hence we can choose a symmetric open
neighborhood C of N in (G/N ,+, τq) such that C − C ⊂ πq(B) since (G/N ,+, τq) is a
topological group. Then e ∈ N ⊆ π−1q (C) and π−1q (C) − π−1q (C) ⊆ π−1q (C − C) ⊆ B.
Thus, φ is continuous. 
As a matter of fact, the order topology of a totally preordered group (G,+,-) is
homogeneous. In addition, every open neighborhood of the identity e contains the closed
normal subgroup I (e). Since the quotient map πq from (G,+,-) onto (G/ ∼,+,≼) is
open, the previous result implies:
Proposition 3.12. Every totally preordered group (G,+,-) is topological. (In other
words, (G,+, τ-) is a topological group.)
Remark 3.13. Let (V,+, ·R,-) be a totally preordered real vector space. Although by
Proposition 3.12 the operation + is continuous, (V,+, ·R, τ-) may fail to be a topological
real vector space. An example of this situation can be easily seen by considering V = R2
endowed with the usual lexicographic total order ≤l . Notice that the operation ·R :
R × R2 → R2 is not continuous. For instance, take λ0 = 1, x0 = (1, 1), ϵ > 0 and the
open ≤l -interval Iϵ(x0) = {(1, y); 1− ϵ < y < 1+ ϵ}. Then for any λ ≠ 1, λx0 ∉ Iϵ(x0).
Therefore, the operation ·R is not continuous at (1, (1, 1)).
4. Continuous representability
In this section we study both the continuous representation problem of total preorders,
and the continuous representability property for groups and real vector spaces equipped
with a topology. In particular, on topological groups and topological real vector spaces.
The continuous representation problem4 has to do with the existence of a continuous
order-preserving function for an arbitrary total preorder defined on a topological space. The
latter provides topological conditions that ensure the continuous representability of every
continuous total preorder defined on the given topological space. The algebraic versions of
these two situations will be considered in the next section.
The resolution of the continuous representation problem for an arbitrary topological
space (X, τ ) is essentially due to Debreu [28,29] who made important contributions in the
theory of order-preserving functions.
Theorem 4.1. Let (X, τ ) be a topological space endowed with a total preorder -. Then-
is continuously representable if and only if it is continuous and representable.
4 It is worth noting that some other authors have also analyzed the problem of the existence of continuous
numerical representations that satisfy some additional property (e.g.: Lipschitz functions on ordered quasi-metric
spaces, see [57]).
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Proof. The proof of the “only if” part is obvious. The converse is tricky. A recent proof
of this fact which uses the concept of a decreasing scale can be seen in [1]. For other
alternative proofs see the first three chapters in [11]. 
Remark 4.2. We point out that, for a given total preorder, it is not trivial that
continuous plus representable implies continuously representable. Moreover, a numerical
representation of a continuous total preorder may fail to be continuous. To put an easy
example, take the real line endowed with the usual order and topology. Of course, the order
is continuous. Any strictly increasing function f : R → R, even being discontinuous, is
indeed a numerical representation of the usual order on the real line.
For the case of totally preordered sets the following direct consequence states the
coincidence of the continuous representation problem and the representation problem.
Corollary 4.3 (Debreu’s Open-gap Lemma). Let (X,-) be a totally preordered set. Then
- is τ--continuously representable if and only if it is representable.
Proof. It is a direct consequence of the previous theorem since any total preorder is
continuous with respect to the order topology. 
Remark 4.4. In order to better understand the meaning of this corollary, we point out again
the following key fact: The existence of a numerical representation for a total preorder
- on X implies the existence of a (possibly distinct) order-preserving function which is
continuous with respect to the order topology τ- on X and the Euclidean topology on R.
We now study the continuous representability property (shortly, CRP). This property
was introduced by Herden [40], who used instead the terminology of a useful topology.
As a matter of fact, the name used in Herden’s paper was suggested by the statements
of the two major results in topological utility theory; namely, Eilenberg’s theorem [32]
and Debreu’s theorem (see [29] or [11, Section 3.2]) respectively. Let us recall first the
statement of these two fundamental results.
Eilenberg’s theorem states that any continuous total preorder defined on a connected
and separable topological space is continuously representable. Debreu’s theorem gives the
same conclusion provided that connectedness and separability are replaced by the single
condition of being second countable.
Having these seminal results in mind, the definition of the key property CRP reads as
follows.
Definition 4.5. Let (X, τ ) be a topological space. Then the topology τ satisfies the
continuous representability property if every continuous total preorder - defined on X
is continuously representable.
We now establish a characterization of this property for arbitrary topological spaces.
Recall that τ ′ is a subtopology of a given topology τ on X if τ ′ ⊆ τ .
Theorem 4.6. Let (X, τ ) be a topological space. Then the topology τ satisfies CRP if and
only if all its preorderable subtopologies are second countable.
Proof. Suppose that the topology τ has CRP and let τ ′ be a preorderable subtopology of τ .
We have to see that τ ′ is second countable. Observe that there is a total preorder - such
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that τ ′ = τ- ⊆ τ . In particular, this means that - is τ -continuous. Since, by hypothesis,
τ satisfies CRP, - is representable. Hence by Theorem 3.1 (iii) the topology τ ′ = τ- is
second countable.
Conversely, suppose now that - is an arbitrary τ -continuous total preorder defined
on X . In order to see that τ satisfies CRP, we have to prove that - is τ -continuously
representable. Notice that, since - is τ -continuous, τ- is a preorderable subtopology of
τ . Then, by hypothesis, τ- is second countable. Now, by statement (iii) of Theorem 3.1
again, - admits an order-preserving function u : X → R that is continuous with respect
to the order topology on X and the usual topology on the reals. Since τ- ⊆ τ, u is also
τ -continuous and we are done. 
Although the previous result provides an intrinsic characterization of CRP for an
arbitrary topological space, it is not easy, in general, to obtain a description of all
its preorderable subtopologies (see, e.g., [15]). So, it would be desirable to have
characterizations of CRP involving familiar topological properties of the given topology
τ . For the particular cases of topological groups and topological real vector spaces we
now establish some more illuminating results. We begin with the case of locally convex
topological real vector spaces. Recall that a topological space (X, τ ) satisfies CCC (the
countable chain condition) if every family of pairwise disjoint non-empty open subsets of
X is countable. As usual, a non-negative real-valued function defined on a real vector space
V , p : V → R, is said to be a seminorm if the following three conditions are satisfied:
(i) p(v) = 0 if and only if v = 0,
(ii) p(λv) = |λ|p(v), for all λ ∈ R, v ∈ V ,
(iii) p(v + w) ≤ p(v)+ p(w), for all v,w ∈ V (triangular inequality).
Theorem 4.7. Let (V,+, ·R, τ ) be a locally convex topological real vector space. Then τ
satisfies CRP if and only if it satisfies CCC.
Proof. Suppose that τ satisfies the countable chain condition CCC, and let - be a
continuous total preorder defined on V . Observe that it is sufficient to show that is
representable. Since (V, τ ) is a path-connected topological space, by a result of Campio´n
et al. [12], there is a continuous order-preserving function u : V → L , where L denotes
the long line. Notice that u(V ) is an interval of L . Furthermore, there is an ordinal
α0 ∈ ω1 that bounds u(V ) (i.e., α≤L α0, for all α ∈ u(V ), where ≤L stands for the usual
total order defined on L). Indeed, otherwise u(V ) exhausts L and then by considering
(Vα)α∈ω1 = (u−1(α, α + 1))α∈ω1 , we obtain an uncountable family of pairwise disjoint
non-empty open subset of V , which contradicts CCC. So, there is a countable ordinal that
bounds u(V ) and therefore u(V ) can be identified with a subset of the real line. This means
that - is representable and therefore τ satisfies CRP.
For the converse suppose that, by way of contradiction, (V, τ ) does not satisfy CCC.
Let us then show that there is a continuous total preorder defined on V which is not
representable. This will imply that τ does not satisfy CRP. To that end, let (Uα)α∈ω1 be
an uncountable family of pairwise disjoint non-empty open subset of V , and let (pβ)β∈I
a family of seminorms that define the topology τ on V . Without loss of generality we
can assume that, for each α, there is ϵα > 0 such that Uα can be chosen of the form
Uα = {v ∈ V : there are vα ∈ V, βα ∈ I such that pβα (v − vα) < ϵα}. Indeed, we
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can single out an uncountable family of pairwise disjoint non-empty basic open subsets
of V , say, (Vα)α∈ω1 . Recall that each Vα is of the form Vα = {v ∈ V : there are
vα ∈ V, β1, . . . , βn ∈ I and ϵ1, . . . , ϵn > 0 such that pβ j (v−vα) < ϵ j with j = 1, . . . , n}.
Then, by considering for each α ∈ ω1, ϵα = min{ϵ j ; j = 1, . . . , n} we can assume each
Uα to be of the form described above. For each α ∈ ω1, consider the (non-trivial) real
interval [0, ϵα]. Notice that [0, ϵα] ⊂ R is order-isomorphic (hence homeomorphic) to
[0, α] ⊂ L . Denote this order isomorphism by φα . Define now the function u : V → L as
follows:
u(v) =
φα(ϵα − pα(v − vα)), v ∈ Uα0, v ∈ V \ 
α∈ω1
Uα
Notice that, by construction, u(V ) = L . It remains to prove that u so defined is a
continuous function since then by considering the relation on V defined as: v-u w if
and only if u(v) ≤ u(w), (v,w ∈ V ), it is straightforward to see that -u is a non-
representable continuous total preorder. To show the continuity of u let b ∈ L . Then it
is sufficient to see that u−1(L(b)) and u−1(G(b)) are open subsets of V . If b = 0 then
u−1(L(b)) = u−1(∅) = ∅ and u−1(G(b)) = α∈ω1 Uα both of which are, obviously,
open subsets of V . Now, if b ∈ L \ {0}, then for each α ∈ ω1 such that b < α, let
us define the subsets Aα = {v ∈ Uα; pα(v − vα) > ϵα − φ−1α (b)} and Bα = {v ∈
Uα; pα(v− vα) < ϵα −φ−1α (b)}. Notice that both Aα and Bα are non-empty open subsets
of V . Then, u−1(L(b)) = (b<α Aα)(V \ α∈ω1 Uα) and u−1(G(b)) = b<α Bα ,
whence open subsets of V too. Thus τ does not satisfy CRP and the proof is ended. 
Remark 4.8. In general CRP and CCC are topological properties of a different scope. (See
e.g. [14,13,16] for a further account.)
As a consequence of Theorem 4.7 we (re)obtain in a different way the following
corollary which was first established by Campio´n et al. (see [12,14]).
Corollary 4.9. The weak topology of a locally convex topological real vector space
satisfies CRP.
Proof. By [12, Lemma 3.4], the weak topology of a locally convex topological real vector
space satisfies CCC. Then the conclusion follows from Theorem 4.7. 
For the case of topological groups we reach the following result.
Theorem 4.10. Let (G,+, τ ) be a first countable topological group. Then τ satisfies CRP
if and only if it is second countable.
Proof. The “if part” follows from Debreu’s theorem. For the converse, notice that any first
countable topological group is metrizable (see [7] or [46]). Therefore, CCC, separability
and second countability for τ are equivalent conditions. Then, the proof follows by using
a similar construction to that given in the proof of the “only if” part of Theorem 4.7, now
replacing the seminorm functions by the distance function in G. 
In particular, we have the following immediate consequence which includes Banach
spaces as a special case.
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Corollary 4.11. Let (V,+, ·R, τ ) be a metrizable topological real vector space. Then τ
satisfies CRP if and only if it is second countable.
We conclude this section with an application of Theorem 4.10 to the case of orderable
topological groups5. Recall that a topological group (G,+, τ ) is said to be orderable if
τ = τ-, for some total order - defined on G (notice that no compatibility with the group
operation is assumed). In this setting, as established below, CRP amounts to a structure
result for the given topological group.
Theorem 4.12. Let (G,+, τ ) be an orderable topological group. Then the following
conditions are equivalent:
(i) (G,+, τ ) satisfies CRP.
(ii) (G,+, τ ) is either homeomorphic to a product of the additive groupR of the reals with
a countable discrete space or it is a totally disconnected, separable metrizable group.
Proof. (ii)⇒(i) is a fairly direct consequence of Theorem 4.10. To see (i)⇒(ii), observe
that the group (G,+, τ ) is metrizable: Indeed, because (G,+, τ ) satisfies CRP, then the
cofinality of the identity element of G is countable6 so that metrizability follows from
Theorems 5 and 6 of [55].
Now, consider two cases:
Case 1. The connected component of the identity of (G,+, τ ) is not trivial. Then, by [58,
Theorem 2.4], G contains an open (normal) subgroup which is order-isomorphic to R so
that (G,+, τ ) is homeomorphic to a product space R × D, where D is a discrete space.
Let us prove that D is countable. Indeed, let ≤D be a well-order defined on D and let
- the total order on G such that τ = τ-. Then, by identifying G to R × D, define
the following total order on G: (x, d) ≤ (y, d ′) if and only if d <D d ′, or d = d ′ and
x - y, ((x, d), (y, d ′) ∈ R× D). Then, it is clear that ≤ so-defined is a τ -continuous total
order on G = R× D. Therefore, by Theorem 4.6, τ≤ is second countable. But then this is
not difficult to see that D has to be countable.
Case 2. The connected component of the identity of (G,+, τ ) is trivial. Then (G,+, τ )
is totally disconnected and, by Theorem 4.10, it is separable. 
Corollary 4.13. The unique, up to homeomorphism, connected, orderable topological
group which satisfies CRP is the additive group of the real numbers. In particular, the
unique, up to homeomorphism, orderable topological real vector space which satisfies CRP
is (R,+, ·R).
Remark 4.14. In Theorem 4.12 (ii), the property of being totally disconnected can be
replaced by that of having covering dimension zero.7 In fact, both properties are equivalent
in the realm of orderable topological groups (see [55, Theorem 7]).
5 This concept is also called topologically orderable in [39].
6 That is, the identity element is the supremum of a countable set of elements strictly below it.
7 A topological space (X, τ ) is said to be zero-dimensional if it is a nonempty T1-space and has a basis
consisting of open-and-closed sets. (See e.g. [33, pp. 360] and ff. For a further account.)
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5. Continuous algebraic representability
In this section we extend the problems analyzed in the previous section to the algebraic
environment, in the sense that we will look for continuous numerical representations of
total preorders that are, in addition, algebraic homomorphisms. In particular, we will
consider the continuous algebraic representation problem, understood as the problem of the
existence, for any continuous total preorder defined on an algebraic structure endowed with
a topology (e.g., a topological group or a topological vector space), of a continuous isotony
that is also an algebraic homomorphism. In addition, we will analyze the continuous
algebraic representability property for topologies defined on groups and real vector spaces.
Let us begin with the case of groups.
Definition 5.1. Let (G,+) be a group endowed with a topology τ . A total preorder -
on G is said to be continuously additively representable if there exists an additive order-
preserving function for - that is continuous with respect to the topology τ and the usual
topology on the real line R.
A solution for the continuous algebraic representation problem for groups is in the next
result (compare Theorem 4.1).
Theorem 5.2. Let (G,+) be a group endowed with both a topology τ and a total preorder
-. Then - is continuously additively representable if and only if it is continuous and
additively representable.
Proof. The “only if” part is obvious. For the converse, let u : G → R be an additive
order-preserving function for -. Let us show that u is also continuous. To this end, recall
that if S ⊆ R is a subgroup of the usual additive group of the reals, then S = {0} either
there is some a ∈ (0,∞) with S = aZ = {az; z ∈ Z}, or S is dense in R (see, e.g., [27, p.
56]).
As in the proof of Theorem 4.7 it is sufficient to show that, for every b ∈ R, u−1(L(b))
and u−1(G(b)) are open subsets of G. Consider the subgroup of the reals S = u(G) ⊆ R.
According to the above result, three cases need to be distinguished. Case (i): If S = {0}
then the result is obvious because u is constant. Case (ii): If S = aZ, then there are
unique s = u(g), s′ = u(g′) ∈ S such that b ∈ [s, s′]. Thus, u−1(L(b)) = L(g′)
and u−1(G(b)) = G(g), which are open subsets of G since u is order-preserving and
- is continuous. Case (iii): If S is a dense subgroup of the reals then u−1(L(b)) =
{g∈G;u(g)<b} L(g) and u−1(G(b)) =

{g∈G;b<u(g)} G(g), which are open subsets of G
since u is order-preserving and - is continuous. This finishes the proof. 
Remark 5.3. In the proof of the previous result we have proved that if an order-preserving
function u : G → R, for a continuous total preorder defined on G, is additive then it turns
out to be continuous too. So, we obtain a result of “automatic continuity”. Observe that
this situation, arising in the algebraic setting is totally different from the general situation
for topological spaces (compare Remark 4.4).
As a corollary we include the following algebraic version of the Debreu’s open-gap
lemma for groups which essentially says that the continuous and additive representation
problem and the additive representation problem agree.
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Corollary 5.4 (Algebraic Open-gap Lemma for Groups). Let (G,+) be a group endowed
with a total preorder -. Then - is τ--continuously additively representable if and only if
it is additively representable.
Now we move on to the continuous algebraic representability property for groups.
Definition 5.5. Let (G,+) be a group and τ a topology on G. Then τ satisfies the
continuous algebraic representability property (shortly, CARP) if every τ -continuous and
translation-invariant total preorder- defined on G admits a continuous and additive order-
preserving function.
Remark 5.6. In the previous definition, and according to Remark 5.3, we could replace
“admits a continuous and additive order-preserving function” by “admits an additive order-
preserving function”.
The following theorem provides a characterization of CARP.
Theorem 5.7. Let (G,+) be a group endowed with a topology τ . Then the following
assertions are equivalent:
(i) τ satisfies CARP.
(ii) For each continuous and translation-invariant total preorder - on G, there is an
absorbing basis of the identity for τ-.
Proof. The following theorem is a direct consequence of the previous results. For the
sake of completeness, we include a proof. For (i) implies (ii) let - be a continuous and
translation-invariant total preorder defined on G. Then, by hypothesis, there is a continuous
and additive order-preserving function that represents -. So, - is additively representable
and, by Theorem 3.4, there is an absorbing basis of the identity for τ-.
For (ii) implies (i), let - be a continuous and translation-invariant total preorder defined
on G. Then, by hypothesis, there is an absorbing basis of the identity for τ-. But then,
by Theorem 3.4 again, - is additively representable. Remark 5.6 establishes the desired
result. 
As a consequence of the previous result and Corollary 3.6, we have
Corollary 5.8. Let (G,+,-) be a totally preordered group. Then τ- satisfies CARP if and
only if τ- has an absorbing basis of the identity.
Remark 5.9. Let (G,+, τ ) be a topological group. Then τ may fail to satisfy CARP. To
see this, just consider the lexicographic plane G = R2 with the usual operation + and
topology τ-l induced by the lexicographic order. By Proposition 3.12, (R
2,+, τ-l ) is a
(Hausdorff) topological group. Nevertheless τ-l does not satisfy CARP since -l has not
is an absorbing basis of the identity. (Actually, -l is a τ-l -continuous total order on R
2
which is not additively representable (not even representable!).)
Let (G,+,-) be a totally ordered group. Then, in order for τ- to satisfy CARP, (G,+)
needs to be Abelian. This simple remark allows us to show a totally ordered group (hence,
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a topological group) which topology does not satisfy CARP. Since this topology satisfies
CRP we conclude that, in general, neither ordinal nor topological properties characterize
CARP (compare Remark 5.3).
Example 5.10. Let (I,≤) denote the ordered set of the irrationals as a subset of the real
numbers equipped with the usual order. Consider a binary operation ∗ on I such that ≤ is
translation-invariant and (I, ∗) is a non-Abelian group (see, for instance, [44, Example 2,
p. 386]). It is clear that ≤ is continuously representable but, since (I, ∗) is non-Abelian,
it is not additively representable. The case with the irrationals can be generalized to other
subsets of the real line (see [43]).
An important case for which CARP holds is given in the following proposition which
generalizes a result due to Iseki [45] (see also [52]).
Proposition 5.11. Let (G,+) be a group equipped with a connected topology τ . Then τ
satisfies CARP.
Proof. Let - be a continuous and translation-invariant total preorder defined on G. We
have to prove that - is additively representable. By Theorem 3.4, this is equivalent to
prove that (G,+,-) is Archimedean. First notice that, since τ is a connected topology
on G and - is continuous, τ- is also a connected topology on G. It is then well-known
(see, e.g., [7]) that - is Dedekind-complete. Suppose now, by way of contradiction, that
there are x, y ∈ G with e ≺ x ≺ y such that nx ≺ y, for any n ∈ N. Denote by
s = sup{nx : n ∈ N}, which exists since {nx : n ∈ N} is bounded above and - is
Dedekind-complete. In particular, for each n ∈ N, it holds that nx - s. Then, for each
n ∈ N, (n + 1)x - s. But this means that, for each n ∈ N, nx - s − x ≺ s, which
contradicts the fact that s is the least upper bound of {nx : n ∈ N}. Therefore, (G,+,-) is
Archimedean and we are done. 
Remark 5.12. In particular, Proposition 5.11 applies to (Rn,+), with the sum defined
coordinatewise, and the Euclidean topology τE . So, τE satisfies CARP. In addition, notice
that if - is a continuous and translation-invariant total preorder defined on Rn , then an
order-preserving function u : Rn → R for - can be chosen which is of the form
u(x) =ni=1 ai xi , for some ai ∈ R, (x = (xi ) ∈ Rn).
Remark 5.13. Taking into account Proposition 5.11, it seems appropriate to ask whether
the topology of an Abelian topological group with no trivial connected component satisfy
CARP. However, the answer is negative even for (topological) totally ordered groups. For
instance, consider the group R2 equipped with the lexicographic order. In particular, if
(G,+, τ ) is a topological group, then τ need not satisfy CARP (compare Proposition 5.20).
Let us now consider the case of real vector spaces. To start with, we introduce a
definition.
Definition 5.14. Let (V,+, ·R) be a real vector space endowed with a topology τ . A total
preorder - on V is said to be continuously linearly representable if there exists a linear
order-preserving function for - that is continuous with respect to the topology τ and the
usual topology on the real line R.
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A solution for the continuous algebraic representation problem for real vector spaces is
given in the next result.
Theorem 5.15. Let (V,+, ·R) be a real vector space endowed with both a topology τ
and a total preorder -. Then - is continuously linearly representable if and only if it is
continuous and linearly representable.
Proof. The “only if” part is immediate. For the converse, notice that linear representability
implies additive representability. Then, the proof follows from Remark 5.3. In this case, it
should be observed that if u : V → R is a linear order-preserving function for -, then
either u(V ) = 0 or u(V ) = R. 
Remark 5.16. Notice also that, unlike the fact mentioned in Remark 4.4, in this case we
have again automatic continuity (compare Remark 5.3).
We now include the corresponding algebraic version of the Debreu’s open-gap lemma
for real vector spaces which essentially says that the continuous and linear representation
problem and the linear representation problem agree.
Corollary 5.17 (Algebraic Open-gap Lemma for Real Vector Spaces). Let (V,+, ·R) be
a real vector space endowed with a total preorder -. Then - is τ--continuously linearly
representable if and only if it is linearly representable.
Now we introduce the continuous algebraic representability property for real vector
spaces.
Definition 5.18. Let (V,+, ·R) be a real vector space and τ a topology on V . Then τ
satisfies the continuous algebraic representability property (shortly, CARP) if every τ -
continuous, translation-invariant and homothetic total preorder - defined on V admits a
(continuous) linear order-preserving function.
The following theorem provides a characterization of CARP.
Theorem 5.19. Let (V,+, ·R) be a real vector space endowed with a topology τ . Then the
following assertions are equivalent:
(i) τ satisfies CARP.
(ii) For each continuous, translation-invariant and homothetic total preorder - on
V, (V,+, ·R, τ-) is a topological real vector space.
Proof. It follows directly by arguing as in the proof of Theorem 5.7, now using
Theorem 3.9 instead of Theorem 3.4. 
As in the case of groups, in the next proposition we introduce an important case for
which the continuous algebraic representability property (CARP) holds.
Proposition 5.20. Let (V,+, ·R) be a real vector space equipped with a connected
topology τ . Then τ satisfies CARP. In particular, if (V,+, ·R, τ ) is a topological real
vector space, then τ satisfies CARP.
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Proof. Let - be a continuous, translation-invariant and homothetic total preorder defined
on V . We have to prove that - is linearly representable. Now, by Proposition 5.11, there is
a continuous and additive order-preserving function for -. In particular, by Theorem 3.4,
this means that (V,+,-) is Archimedean which obviously implies that (V,+, ·R,-) is
Archimedean too. Then, by Theorem 3.9, - is linearly representable. To finish the proof
notice that the last assertion of our proposition follows from the fact that topological real
vector spaces are connected. 
6. An application to social choice: characterization of the utilitarian
functional
In this section we develop an application of the algebraic and topological approach
analyzed in the previous section to the context of utility theory in the social choice
framework. (See e.g. [31] for further information on the relationship between topology
and social choice theory.) A social welfare functional is a map that assigns a preference
relation (total preorder) to any profile of individual utilities. We characterize the utilitarian
social welfare functional in terms of invariance and continuity properties of such rules, in
the spirit of the literature of utility measurability and (inter or intra) personal comparability
(see, e.g., [10]). Before presenting the application some definitions and notations are
needed.
Let X be a nonempty set (alternatives). Let us denote byℜ the class of all total preorders
defined on X . Let n > 1 be a natural number (number of agents). Let U denote the set of all
possible utility functions. A (utility) function for the agent i is a map from X to R, which
will be denoted by ui . A profile of (utility) functions will be denoted by (u1, . . . , un) and
U n will stand for the set of all possible profiles. The set which consists of the n first natural
numbers will be denoted by N .
A social welfare functional is a rule F : U n → ℜ that assigns a preference
relation F(u1, . . . , un) ∈ ℜ, interpreted as the social preference relation, to any profile
(u1, . . . , un) in the domain U n . In order to shorten the notation, for a profile (u1, . . . , un)
we will use the notation (ui ). Also, F(ui )s stands for the strict preference (asymmetric
relation, see Section 2 above) associated with F(ui ).
A social welfare functional F : U n → ℜ is Paretian if, for any pair of alternatives
x, y ∈ X and any profile (ui ) ∈ U n , we have that ui (x) ≤ ui (y) for all i ∈ N implies
x F(ui )y and also that ui (x) < ui (y) for all i implies x F(ui )s y.
A social welfare functional F : U n → ℜ satisfies the binary independence of irrelevant
alternatives condition if, for any pair of alternatives x, y ∈ X and any pair of profiles
(ui ), (u′i ) ∈ U n with the property that ui (x) = u′i (x) and ui (y) = u′i (y) for all i ∈ N , we
have that x F(ui )y if and only if x F(u′i )y.
A social welfare functional F : U n −→ ℜ is called anonymous if for any pair of profiles
(ui ), (vi ) ∈ U n such that (vi ) is derived from (ui ) by permuting the individuals’ utility
functions, one has that F(ui ) and F(vi ) coincide.
A social welfare functional F : U n −→ ℜ is called continuous if {((ai ), (bi )) ∈
Rn × Rn : there exist (ui ) ∈ U n, x, y ∈ X with ui (x) = ai , ui (y) = bi and x F(ui )y} is
an Euclidean-closed subset of Rn × Rn .
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A social welfare functional F : U n −→ ℜ satisfies information invariance with
respect to translation-scale measurability if, for any profile (ui ) ∈ U n , and any n-tuple
of functions (φ1, . . . , φn) such that, for each i ∈ N , the map φi : R → R is of the form
φi (t) = ai + t (t ∈ R) with ai ∈ R, it holds that F(ui ) and F(φi ◦ ui ) coincide.
Finally, the utilitarian social welfare functional F : U n −→ ℜ is defined as: x F(ui )y if
and only if
n
i=1 ui (x) ≤
n
i=1 ui (y), for every profile (ui ) ∈ U n and x, y ∈ X .
We reach the following result.
Theorem 6.1. Suppose that X contains at least three elements and let F : U n → ℜ be a
social welfare functional. Then the following assertions are equivalent:
(i) F is Paretian, satisfies the binary independence of irrelevant alternatives condition,
continuity, information invariance with respect to translation-scale measurability and
anonymity.
(ii) F is the utilitarian social welfare functional.
Proof. It is straightforward to show that (ii) implies (i). To prove the converse, we use the
welfarist approach (see [10] for a survey of welfarist social choice). Consider the binary
relation -∗ defined on Rn as follows: Given a = (a1, . . . , an) and b = (b1, . . . , bn) ∈ Rn ,
then a-∗ b if and only if there exist x, y ∈ X and a profile (ui ) ∈ U n such that for every
i ∈ {1, . . . , n} it holds that ui (x) = ai , ui (y) = bi and x F(ui )y. Since F satisfies Pareto
and the binary independence of irrelevant alternatives condition, and X contains at least
three elements, it can be shown that -∗ is a well-defined total preorder that “generates” F .
It should be noted that -∗ is non-trivial because F is Paretian. These are the contents of
the so-called welfarism theorem (see, e.g., [10, p. 1107]).
Notice that, because F is Paretian, -∗ is increasing.8 Moreover, for every a, b ∈ Rn
such that a ≪ b it holds that a≺∗ b.
Let us show that -∗ is continuous and translation-invariant. Continuity of -∗, referred
to the Euclidean topology in Rn , follows directly from the continuity of F . In order to
prove that -∗ is translation-invariant let a = (ai ), b = (bi ), c = (ci ) ∈ Rn such that
a-∗ b. Then there are x, y ∈ X and a profile of utility functions (ui ) ∈ U n such that
ui (x) = ai , ui (y) = bi , for all i , and x F(ui )y. For every i , consider the functions
u′i (z) = ui (z) + ci for all z ∈ X . By information invariance with respect to translation-
invariant measurability, it holds that F(u′i ) coincides with F(ui ). In particular, x F(u′i )y or,
equivalently, (u′i (x))-
∗(u′i (y)). Thus, a + c = (ai + ci )-∗ b + c = (bi + ci ). Hence, by
Remark 5.12, there are real numbers λi ∈ R such that -∗ can be represented by a function
u of the form u(x) = ni=1 λi xi , (x = (xi ) ∈ Rn). Since -∗ is increasing and a ≪ b
implies a≺∗ b, it follows that 0 ≤ λi , for every i ∈ N and, for at least one i, λi > 0.
Furthermore, since F is anonymous all of the λi coincide. So, the function v defined as
v(x) = ni=1 xi , (x = (xi ) ∈ Rn) also represents -∗. This clearly implies that F is the
utilitarian social welfare functional. 
8 A total preorder - defined on Rn is said to be increasing if, for every x = (x1, . . . , xn), y = (y1, . . . , yn) ∈
Rn such that xi ≤ yi for all i ∈ N , it holds that x - y. “≪” will stand for the strict partial order in Rn (i.e.,
x ≪ y if and only if xi < yi , for every i ∈ {1, . . . , n}).
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Remark 6.2. It should be noted that the same conclusion of Theorem 6.1 is obtained if
we replace information invariance with respect to translation-scale measurability by the
stronger condition called information invariance with respect to cardinal measurability;
i.e., if the functions φi (t) are allowed to be of the form φi (t) = ai + bi t (t ∈ R), with
ai ∈ R and bi > 0.
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